Structural parameters of doubly clamped microfabricated beams such as initial curvature, boundary compliance, thickness and mean residual stress are often critical to the performance of microelectromechanical systems (MEMS) and need to be estimated as a part of quality control of the microfabrication process. However, these parameters couple and influence many metrics of device response and thus are very difficult to disentangle and estimate using conventional methods such as the M-test, static mechanical tests, pull-in measurements or dynamic mechanical tests. Here we present a simple, non-destructive experimental method to extract these parameters based on the non-contact measurement of the natural frequencies of the lowest few eigenmodes of the microfabricated beam, and knowledge of Young's modulus and plan dimensions of the beam alone. The method exploits the fact that certain eigenmodes are insensitive to some of these structural parameters which enable a convenient decoupling and estimation of the parameters. As a result, the method does not require complicated finite element analysis, is insensitive to the gap height and introduces no contact wear or dielectric charging effects. Experiments are performed using laser Doppler vibrometry to measure the natural frequencies of doubly clamped, nickel, RF-MEMS capacitive switches and the method is applied to extract the residual stress, beam thickness, boundary compliance and post-release curvature.
Introduction
The characterization of variability in Young's modulus, residual stress, boundary compliance, thickness and initial curvature of microfabricated beams is key to understanding the uncertainties in the microfabrication process and the microsystem response. For example, in radio frequency (RF) microelectromechanical (MEM) capacitive or ohmic switches these parameters govern the switching time and effective operating range. Currently, there are a large number of accepted microscale mechanical testing procedures [1] to estimate some of these parameters. Several of these tests are either destructive or require long preparation times for correct testing. The so-called M-test [2] is a canonical example of such a microscale mechanical test. The M-test uses the measured pull-in voltage to estimate the residual stress across the wafer and relies on having readily available a large set of geometrically distinct devices.
Broadly speaking microscale mechanical tests for estimating system parameters can be grouped into three categories: pull-in/electrical [3, 2, 4] , static mechanical [5] [6] [7] [8] and dynamic mechanical [9] [10] [11] [12] [13] [14] [15] . Methods in the first category rely on pull-in voltage information or electrical characterizations to obtain microsystem parameters. Pull-in voltage measurements are readily performed; however, these methods lead to additional contact wear and dielectric charging. Furthermore, any uncertainty in the capacitive gap height also contributes to the uncertainty in the residual stress estimates [16] , though some works have sought to overcome this [17] .
Static mechanical methods rely on the measurement of the microsystem displacement under an applied load [7] or the initial equilibrium deflection profile [5] . These methods have the advantage of revealing mean and gradient residual stress, but often these methods rely on expensive iterative techniques involving finite element analysis (FEA) and multiple measurements of various devices under different testing conditions [6, 7] . Additionally, static mechanical methods ascribe all post-release geometry imperfections, such as beam tilt and curvature, to stress equilibrium effects while ignoring microfabrication imperfections [18] . Additional complications would arise in static methods to account for pre-release geometry imperfections.
Dynamic mechanical methods rely on the measurement of the resonant frequencies, or shifts in resonance frequencies of microsystems to estimate system parameters. These methods have the advantage of requiring only the measured resonance frequencies, or shifts in resonant frequencies; however, often the effects of boundary compliance and beam curvature are neglected [10] . Previously, Zhang et al [13] used the resonance frequencies of the first two symmetric modes of a doubly clamped resonator to estimate the residual stress and Young's modulus of a doubly clamped microfabricated beam. Their model neglected any effect from beam curvature, variation in boundary compliance and nonlinear stretching effects.
It is extremely challenging to decouple the effects of postrelease beam curvature, boundary compliance, beam thickness and residual stress using conventional methods. What follows is a simple, non-destructive experimental method to extract these parameters based on the non-contact measurement of the natural frequencies of the lowest few eigenmodes of the microfabricated beam, and knowledge of Young's modulus and plan dimensions of the beam. The selective sensitivity of various eigenmodes to structural parameters is utilized to decouple their effects. The method does not require complicated FEA, is insensitive to the gap height and introduces no contact wear or dielectric charging effects. Laser Doppler vibrometer (LDV) experiments are performed to measure the natural frequencies of doubly clamped, nickel, RF-MEMS capacitive switches and the method is applied to extract the residual stress, beam thickness, boundary compliance and post-release curvature.
Analytical structural model
The first step in the proposed estimation technique is the creation of a semi-analytical system model that accurately predicts the resonance frequencies of the lowest multiple eigenfrequencies of slightly curved beams with residual stress and boundary compliance. Figure 1 shows a scanning electron microscope (SEM) image of the microfabricated doubly clamped beam system that will be analyzed and measured in this paper. Figure 2 shows the schematic of the microfabricated doubly clamped beam, where x is the coordinate along the beam length direction, L is the beam length, W (x, t ) is the transverse displacement of the beam, W 0 (x) is the initial curvature profile of the beam and K L and K R are torsion springs at the boundaries used to model the boundary compliance of the real system shown in figure 1. We assume that the beam can be treated as a shallow arch [19] . This approximation requires that the curvature of the beam be small enough, so that the axial load generated by the beam deflection is constant throughout the beam. This condition is satisfied if
1. Additionally, all of the assumptions of Bernoulli-Euler beam theory [20] apply for the shallow arch model.
The equations governing the transverse vibration of the system and relevant boundary conditions are then given by
where overdots represent differentiation with respect to time, [ ] ,x represents differentiation with respect to x, E is Young's modulus, I is the second moment of area, A is the cross sectional area and ρ is the beam density. For fixed-fixed beams fabricated from thin films with lateral compliance at the boundaries the residual stress state is well approximated by biaxial stress [10, 8, 21, 18] ; furthermore, due to the shallow arch approximation we have approximated the total residual stress as uniaxial. In equation (1) the stress term, N, represents the mean stress through the thickness, and the effects of gradient stress are captured in the initial curvature terms. The axial residual stress σ is given by σ = N A . For small amplitude vibrations, as in the experiments, one can linearize equation (1) to obtain
The boundary conditions remain the same. Equation (6) is then non-dimensionalized, such that x =xL, W =Ŵ r, W 0 =Ŵ 0 r, where r is the radius of gyration of the cross section given by r = √ I/A. Equation (6) supports a separable solution in the formŴ (x, t ) =φ(x) e iωt , whereφ(x) is the spatial component of the solution and e iωt is the temporal component. Upon simplification we obtain
where α, β, T L and T R represent the non-dimensional residual stress, frequency and boundary compliance given by α =
. As shown in the appendix, we can easily derive the underlying dispersion relation for the non-dimensional transverse eigenfrequencies and eigenmodes of the structure in the form f (α, β, γ , T ) = 0. (12) Equation (12) relates the eigenfrequencies to the nondimensional residual stress, boundary compliance and curvature. Here we have set T = T L = T R , which assumes the boundary conditions are symmetric, this assumption will be utilized for the remainder of the analysis. As such, the solutions of this equation are not in a closed form and must be numerically evaluated. This can create problems for parameter estimation routines. 
Semi-analytical surrogate model
In order to develop a convenient procedure to convert measured frequencies into structural parameters, it is necessary to obtain semi-analytical relationships that link the measured frequencies to the structural parameters that need to be identified. This is accomplished by first examining the solutions to equation (12) . Figure 3 shows the non-dimensional frequencies of the first four modes versus the non-dimensional curvature parameter, γ , for a fixed-fixed beam with zero residual stress, solved in MATlab. Broadly speaking, the eigenmodes can be classified into symmetric or antisymmetric based on their symmetry relative to the center of the beam. It is evident that the antisymmetric eigenmode frequencies, β 2 and β 4 , are independent of the curvature, as shown mathematically in appendix A. Using this knowledge, we can then use the antisymmetric eigenmode frequencies to generate a semianalytical surrogate model and efficiently estimate the nondimensional residual stress and non-dimensional boundary compliance of the system.
To obtain the semi-analytical surrogate model the dispersion relation generated from equation (A.4) is solved in MATlab [22] for the first two antisymmetric eigenfrequencies (with C 5 = 0) as a function of the non-dimensional residual stress α and non-dimensional boundary compliance T . Figure 4 shows the calculated response surfaces. A nonlinear least-squares regression is then performed on the calculated response surfaces. The functional form of the fit is provided in appendix B, along with the calculated coefficients. Here we have fitted to the quartic of the non-dimensional frequency β n , that is we have fitted to β 
Estimation technique
Having obtained a semi-analytical surrogate model, we now outline the procedure to obtain estimates for the system's residual stress, boundary compliance and curvature. Additionally, a method is presented to estimate the beam thickness from the measured torsional frequency.
Given a set of measured frequencies for the second and fourth bending modes, along with our surrogate model, we can then calculate the non-dimensional residual stress proportional to α 2 , and non-dimensional boundary compliance proportional to log 10 (T ), using a nonlinear least-squares technique that minimizes F (α 2 , log 10 (T )) − β 4 n = 0, n = 2, 4. Constraints must be applied to the ranges that α 2 and log 10 (T ) can assume, reflecting the valid fitting range of the functional form of F (α 2 , log 10 (T )).
For the system of interest, in terms of dimensional parameters, we have potentially eight unknown parameters:
, where h is the beam thickness, K is the boundary stiffness (inverse of boundary compliance) and g is the midspan rise height for the assumed curvature profile W 0 . Given the eight unknowns, we must be able to measure or know a priori five parameters, g does not need to be measured. Additionally, h, the beam thickness, can be estimated through a procedure given in appendix C using the measured torsional frequency. With five known parameters, we can then use the functional form given in appendix A along with ω 2 and ω 4 to estimate two parameters. The final parameter, g, representing the curvature can then be estimated using ω 1 and solving the characteristic equation. Figure 5 shows a flowchart of the estimation process. A sensitivity analysis was performed and showed a maximum and minimum residual stress detection sensitivity of 0.03 MPa Hz −1 and 0.014 MPa Hz −1 , respectively, within the specified parameter boundaries. With this parameter estimation procedure outlined, we now benchmark the current method against a fully 3D beam model with curvature, residual stress and varying boundary compliance using the FEA code ANSYS. 
Verification of the proposed technique
In order to verify the method presented in section 4, we use a finite element model with pre-assigned parameter values to compare with our own technique's estimates. Using the software package ANSYS 11.0 we create a beam model using 'SHELL 181' elements. The length of the beam (following the convention of figure 2 ) is L = 500 μm, the width of the beam is b = 120 μm, the thickness is h = 3 μm, Young's modulus E = 200 GPa and the mass density is ρ = 8900 kg m −3 . We assign a Poisson's ratio of ν = 0.33. The curvature of the beam is defined using the assumed profile given in appendix A. Initial axial residual stress is assigned to the structure using the 'INISTATE' command in ANSYS. Four sets of beam boundary conditions were used for this analysis: fixed-fixed, pined-pinned and two values of pinned-spring conditions. The fixed-fixed and pinned-pinned boundary conditions serve as upper and lower bounds of the prediction range for the model. A modal analysis was performed over a range of initial stress states and midspan rise heights. A mesh convergence study was performed such that the calculated modal frequencies changed < 0.01% with a halving of the mesh size parameter. Figure 6 shows the calculated eigenmodes for a beam with curvature profile W 0 , fixed-fixed boundary conditions and no residual stress. The beam has dimensions L = 500 μm, b = 120 μm, h = 3 μm and g = 1 μm.
The eigenfrequencies of the modeled system were calculated over a wide range of initial curvatures and initial stress states, for the various boundary conditions. Using the calculated frequencies, equation (B.1), along with the characteristic equation calculated from appendix A, estimates of the initial residual stress, midspan rise height and boundary stiffness were made. Tables 2-5 tabulate the results. In these estimates, we have used the effective Young's modulus E f = E 1−ν 2 due to the anticlastic curvature effects of the wide beam geometry [23] . It can be seen that the predictions of residual stress compare favorably with the assigned values for all cases of boundary conditions and rise heights.
In addition to the inverse predictions we show the forward comparisons. Using the FEA parameters we use the fit from equation (B.1) to estimate the eigenfrequencies of the device and compare them with the FEA calculations. Tables 6-9 Figure 7 . Image of the experimentally measured eigenmodes of the nominally doubly clamped capacitive RF-MEMS switch structure measure via laser Doppler vibrometry. Here B1 is the first transverse bending mode, B2 is the second transverse bending mode, B3 is the third transverse bending mode, B4 is the fourth transverse bending mode and T 1 is the first torsional mode. An SEM image of the device is shown in the center figure. Table 10 tabulates the frequencies of the measured modes for the devices measured.
tabulate the results. It can be seen that the predictions of the device eigenfrequencies compare favorably with the FEA calculations.
Experimental characterization and results
Having clearly demonstrated the accuracy of the surrogate semi-analytical model and the inversion technique to estimate the relevant parameters of the pre-stressed microfabricated beams we now discuss the use of the proposed method to extract the residual stress, boundary stiffness and midspan rise height of the RF-MEMS capacitive switch shown in figure 1. The RF-MEMS capacitive switches were fabricated using a four-mask process and traditional lithography techniques. We start with an oxidized silicon wafer and deposit a 200 nm gold film that is patterned to make the electrodes and contact pads. Titanium is used as an adhesion promoter. A 200 nm thick layer of silicon nitride is deposited using plasma-enhanced chemical vapor deposition. This is subsequently patterned and etched in a second lithography step to form the dielectric surface above the electrodes. A layer of photoresist is then spun on and patterned to make the sacrificial layer for the MEMS switches. A metal seed layer is deposited and the nominally fixed-fixed beams are formed using electroplated nickel. We target a nickel thickness of 1.5−2 μm. The sacrificial layer is then removed using a PRS 2000 photoresist stripper, and critical point drying is used to dry the samples. The structures were designed to have an electrode-overlap area of 120 μm × 270 μm and a gap of approximately 3 μm.
A polytec microsystems analyzer (MSA) 400 laser doppler vibrometer (LDV) and a Suss PLV-50 vacuum chamber were used to measure the modal responses (natural 
The entire experimental set-up is situated on a 30 000 kg vibration isolation slab which is supported by six air spring dampers and meets NIST-A1 vibration standards. The switches were adhered to a piezoelectric patch and inertially excited. The vacuum chamber was set to minimum pressure (less than 75 μ T). The modal responses for the first four transverse bending modes and the first torsional mode were captured for 27 devices. Figure 7 shows the experimentally measured eigenmodes of the system. Table 10 lists the experimentally measured eigenfrequencies of the 27 devices tested. Table 11 and figures 8-10 show the estimated residual stress, boundary stiffness and midspan rise height using the proposed method; see also figure 5. The estimates of residual stress and midspan rise height are in line with nominal values expected from the fabrication process. The negative residual stress as shown in figure 8 is also reasonable, as fabrication processes can produce both tensile and compressive residual stresses [18] . The boundary stiffness estimates are somewhat surprising in that they indicate a substantial deviation from the fixed-fixed assumption, which will greatly affect switch performance. In table 1, additional validation has been performed, comparing experimentally measured beam thickness versus model predictions. For the thickness estimation method based on the first torsional frequency (see appendix C) the estimates agree extremely well to the confocal microscopy measurements, the average difference is approximately 4%.
Thus, we have demonstrated that a wealth of information can be obtained from the analysis of the measured modal frequencies of doubly clamped MEMS devices. In particular, the measurement of multiple eigenfrequencies allows the decoupling of the effects of multiple structural parameters which are not possible using other methods. The proposed method was experimentally demonstrated as well as computationally verified. This method is applicable to a wide variety of doubly clamped MEMS switches.
Conclusions
In conclusion, we have presented a multi-modal parameter estimation technique that estimates the beam thickness, residual stress, curvature and boundary compliance of doubly clamped microfabricated beams using non-contact, noninvasive laser vibrometry measurements. This technique has the advantages of requiring only measuring modal frequencies, as opposed to pull-in measurements which require intimate knowledge of the capacitive gap height or static topographic profile measurements that couple with FEA techniques. The proposed method is insensitive to device curvature, gap uncertainty and pre-release device geometry. Compact analytical formulas are provided for the estimation, and thus this technique is computationally inexpensive, when compared to FEA analysis. Additionally, this method has the potential to be performed in situ in packaged environments via capacitive-based measurements. The technique's limitations are that it must be used for simple beam structures, the modes of the device must be identified, gradient stresses are not predicted, information about Young's modulus must be obtained a priori and the method is limited to the calculated fit range, but can be extended through additional computation.
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Appendices Appendix A. Characteristic equation derivation
To solve equation (7) forφ, the mode shape and β, the corresponding natural frequency as a function of the system parameters, we use a technique similar to [24] . The solution of equation (7)φ c can be written asφ c =φ 1 +φ 2 , whereφ 1 solves the equation
The solution of equation (A.1) can be obtained by lettinĝ φ 1 = e λx and solving the resulting characteristic equation. The solution is then given bŷ
where λ + β 4 . Substitutingφ c =φ 1 +φ 2 into equation (7) we obtain 
The equations that generate the matrix in equation (A.4) are given below. Setting the determinant of A = 0 yields the dispersion relation for the non-dimensional transverse eigenfrequencies and eigenmodes of the system in the form
Here we present the five equations that generate the matrix in equation (A.4):
(A.10) where β, α, γ , T R and T L are the non-dimensional frequency, residual stress, curvature and boundary compliance as defined in the paper. λ 1 and λ 2 are the solutions to the equation
given by λ 1 = would yield C 5 = 0 and the dispersion relation would be independent of the curvature parameter γ . It is well known that the differentiation of an odd function yields an even function, with the inverse also being true; thus we conclude that when φ 1 is an anti-symmetric mode (odd function aboutx = 1 2 ) the system reduces to a 4 × 4 system and becomes independent of the initially symmetric curvature profile W 0 . It follows that for this independence to hold then T R = T L to maintain the necessary symmetry of the eigenmodes. For the remainder of this analysis, T R and T L are assumed to be equal and we define a new variable, 20 2.288 46E+000 1.499 47E+002 a 21 8.223 68E−003 1.253 83E+000 a 22 −4.738 99E−005 7.755 16E−002 a 23 1.854 77E+003 6.324 81E+003 a 24 7.970 38E+000 −8.320 92E+001 a 25 4 
where b is the width of the beam and t is the beam thickness. Assuming a separable solution and using the fixed-fixed boundary conditions, (0, t ) = (L, t ) = 0 the natural frequencies of the nth mode are given by
The torsional rigidity, C, can be found as [20] 
where G is the shear modules and k is [20] For the particular devices that will be tested Young's modulus is well known and its variation is extremely small due to the manufacturing processes used [25] . The value is known to be E = 200 GPa. Thus, for the system of interest the two unknowns in equation (C.5) are the thickness, t, and ω n . Using an LDV to measure the first torsion frequency of the beam, equation (C.5) is solved numerically for the thickness. Using the nominal device parameters, L = 500 μm, b = 120 μm, ρ = 8900 kg m −3 and ν = 0.33, the analytical formula yielded a thickness detection sensitivity of approximately 20 nm kHz −1 . The transverse natural frequencies and torsion frequencies of 27 capacitive RF-MEMS switch devices with nominal dimensions L = 500 μm, b = 120 μ m, t = 3 μ m, ρ = 8900 kg m −3 , ν = 0.33 and E = 200 GPa were measured using an LDV. Table 1 shows the thickness estimates using the first transverse bending frequency (B 1 ), the theoretical prediction of a fixed-fixed Bernoulli-Euler beam and the thickness estimate using the first torsion frequency (T 1 ) as just described. For the B 1 estimates, fixed-fixed boundary conditions were assumed and the formula ω B 1 = β 2 B 1 EI ρAL 4 , with β B 1 = 4.73, was used to estimate the thickness. Experimentally measured thickness is also presented to validate the method. The experimentally measured thicknesses were measured using an Olympus Lext OLS-3100 confocal microscope. It is quite clear that the torsion frequency method is a good estimator for the beam thickness. The Bernoulli-Euler predictions are strongly affected by the residual stress and the initial curvature of the beam. The average difference between the thickness estimated from T 1 and the confocal measurement is approximately 4%, while the average difference between the thickness estimate from B 1 and the confocal measurement is 30%. We see that the thickness measured by the confocal microscope technique varies quite a bit. This is not a limitation of the measurement process. Rather, it is a result of the fabrication process. The primary contributor to the thickness variation is the electroplating step. A single electrode contact is made to a sample that is a quarter of a 4-inch wafer. This leads to plating current densities being higher closer to the contact, and lower further away from it. Consequently, a gradual change in plating thicknesses across the wafer (high near the contact, low further away) is observed.
